Abstract. Let (X, ∆) be a pair. We study how the values of the log Kodaira dimension and log plurigenera relates to surjectivity and birationality of the Albanese map and the Albanese morphism of X in both characteristic 0 and characteristic p > 0. In particular, we generalize some well known results for smooth varieties in both zero and positive characteristic to varieties with various types of singularities. Moreover, we show that if X is a normal projective threefold in characteristic p > 0, the coefficients of the components of ∆ are ≤ 1 and −(K X +∆) is semiample, then the Albanese morphism of X is surjective under reasonable assumptions on p and the singularities of the general fibers of the Albanese morphism. This is a positive characteristic analog in dimension 3 of a result of Zhang on a conjecture of Demailly-Peternell-Schneider.
Introduction
Over the past few decades, there have been many interesting discoveries on the birational geometry of the Albanese morphism in both zero and positive characteristic, especially in higher dimensions. The theorem [Kaw81,  Theorem 1] of Kawamata shows that for a smooth complex projective variety X, if the Kodaira dimension of X is 0 then the Albanese morphism of X is an algebraic fiber space. Later, Chen and Hacon ([CH01, CH02] ) proved that, assuming the irregularity of X is equal to the dimension of X, then as long as one of the plurigenera H 0 (X, O X (mK X )) is 1 for some m ≥ 2, X is birational to an abelian variety. This solves a conjecture of Kollár. More recently, Hacon, Patakfalvi and L. Zhang established some positive characteristic analogs of Kawamata's result for smooth varieties and for possibly singular varieties of maximal Albanese dimension (see [HP13, HP15, HPZ17] ). More specifically, this result in positive characteristic shows that, for a smooth projective variety X, if the Frobenius stable Kodaira dimension κ S (X) is 0, then the Albanese morphism of X is surjective; moreover, if dim X = dim(Alb(X)), then X is birational to an abelian variety. It is then natural to ask whether such results hold for singular varieties as well. Therefore, we formulate this question in the language of pairs as follows:
Another motivation originates from the following conjecture of Demailly-PeternellSchneider: Conjecture 1.2. [DPS93, Conjecture 2] Let X be a compact Kähler manifold with −K X nef. Then the Albanese morphism of X is surjective.
In [Zha96] , Q. Zhang confirms Conjecture 1.2 when X is a smooth projective variety. Moreover he shows that in this case the Albanese morphism of X has connected fibers. Later Q. Zhang generalized this result to the cases of log canonical pairs ([Zha05, Corollary 2]). More specifically, he showed that if X is a projective variety and ∆ is an effective Qdivisor such that the pair (X, ∆) is log canonical and −(K X + ∆) is nef, then the Albanese morphism from any smooth model of X is an algebraic fiber space.
From the characteristic p perspective the above results by Q. Zhang induces the following natural question: Theorem A (Theorem 3.2 and 4.6). Let (X, ∆) be a projective pair over an algebraically closed field k. Suppose that one of the following conditions holds:
(a) char(k) = 0, (X, ∆) is klt, h 0 (X, O X (m(K X + ∆))) = 1 for some m ≥ 2, and either dim(Alb(X)) = dim X or dim(Alb(X)) = dim X. (b) char(k) = 0, (X, ∆) is log canonical, h 0 (X, O X (m(K X +∆))) = h 0 (X, O X (2m(K X + ∆))) = 1 for some m ≥ 1, and either dim(Alb(X)) = dim X or dim(Alb(X)) = dim X. (c) char(k) = p > 0, κ S (X + ∆) = 0, the index of K X + ∆ is not divisible by p, and dim(Alb(X)) = dim X.
Then X is birational to an abelian variety.
Note that unlike the smooth case, in the log setting the converse of Theorem A can easily fail. For example we can take X to be an abelian variety and ∆ a sufficiently ample divisor with small coefficient. Alb(X) and Alb(X) in Theorem A means the Albanese variety constructed from the Albanese morphism and the Albanese map respectively, and they are different in general for singular varieties (see Section 2). Theorem A is sharp in the sense that it does not work without the condition that (X, ∆) is lc, as is illustrated by Example 3.3.
To prove part (c), we use the same techniques as in [HP13, Theorem 1.1.1] and [HPZ17, Theorem 0.1]. Nevertheless, part (c) is interesting in the sense that to the best of the author's knowledge, there is no result of this kind in characteristic 0.
In the course of establishing Theorem (a), we also prove the following result on the structure of the Albanese map and Albanese morphism, which might be of independent interest. Theorem B (Theorem 4.2). Let X be a normal complex projective variety, (X, ∆) a pair such that κ(K X + ∆) = 0. Suppose that the Albanese map a X ∶ X ⇢ Alb(X) (respectively the Albanese morphism a X ∶ X → Alb(X)) of X is not an algebraic fiber space. Then the non-lc locus of (X, ∆) dominates a X (X) (respectively a X (X)).
Theorem B generalizes [Kaw81, Theorem 1] beyond the log canonical case. The proof of it has various kinds of ingredients, including analyzing in detail the structure of the Albanese map and the Albanese morphism, using Campana's work on the Iitaka conjecture ( [Cam04] ) over a variety of general type, and applying a generic vanishing result developed by Popa and Schnell ([PS14] ) to compare certain Kodaira dimensions.
We next present our positive characteristic analog of [Zha05, Corollary 2] in dimension 3 as follows. The proof of this result is inspired by some ideas in the previous paper [Wan15b] of the author.
Theorem C (Theorem 3.5). Let X be a normal projective threefold over an algebraically closed field k of characteristic p > 0, and (X, ∆) a pair such that the coefficients of the components of ∆ are ≤ 1 and −(K X + ∆) is semiample. Suppose that
}, where δ is the minimal non-zero coefficient of ∆.
(2) There is a fiber X 0 of the Albanese morphism a X of X such that (X 0 , ∆ X 0 ) is normal and sharply F -pure.
Then a X is surjective.
Here i bpf (−(K X + ∆)) is the base-point-free index of −(K X + ∆), which is the smallest integer m > 0 such that −m(K X + ∆) is base point free (cf. Definition 3.4). In particular if we assume that ∆ = 0 and − K X is base point free, then condition (1) is automatically satisfied, and in that case, Theorem C works in small characteristics as well.
It is worth noting that Theorem A, B as well as [Zha05, Corollary 2] does not hold in general if (X, ∆) is not log canonical, even in dimension 2, as is shown in Example 3.3. The example is a projective cone S over a non-hyperelliptic curve of genus ≥ 2 such that K S ∼ lin 0, so obviously its Albanese map of S is not surjective (but the Albanese morphism of S is). Observe that in this case the vertex of S is its non-lc center, and the exceptional divisor over the vertex dominates the image of the Albanese map of S, which is the image of the curve in its Jacobian.
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Notations and preliminaries
Throughout the article, we work over an algebraically closed field k. As we will consider the cases in both characteristic 0 and characteristic p > 0, we do not make any restriction on the characteristic of k in advance.
We set up the following conventions.
(1) For definitions related to singularities in birational geometry (e.g. pairs, discrepancy, klt, lc) we follow [HK10, Part I, Chapter 3]. (2) For a morphism f ∶ X → Y of varieties we use both F X Y and F f to denote a general fiber of f , and we say that f is an algebraic fiber space if it is surjective and has connected fibers. Theorem-Definition 2.1. Let X be a variety over k. There exists an abelian variety Alb(X) together with a rational map a X ∶ X ⇢ Alb(X) such that • a X (X) generates Alb(X), i.e. a X (X) is not contained in a translate of any proper abelian subvariety of Alb(X).
• For every rational map f ∶ X ⇢ A from X to an abelian variety A, there exists a homomorphism g ∶ Alb(X) → A and a constant a ∈ A such that f = g ○ a X + a. We call a X the Albanese map of X and Alb(X) the Albanese variety via the Albanese map of X.
Theorem-Definition 2.2. Let X be a normal projective variety over k. There exists an abelian variety Alb(X) together with a morphism a X ∶ X → Alb(X) such that
• a X (X) generates Alb(X), i.e. a X (X) is not contained in a translate of any proper abelian subvariety of Alb(X).
• For every morphism f ∶ X → A from X to an abelian variety A, there exists a homomorphism h ∶ Alb(X) → A and a constant b ∈ A such that f = h ○ a X + b. We call a X the Albanese morphism of X and Alb(X) the Albanese variety via the Albanese morphism of X.
Throughout the article, unless otherwise stated, for a normal projective variety X we use a X ∶ X ⇢ Alb(X) (a X ∶ X → Alb(X)) to denote the Albanese map (Albanese moprhism) of X. We refer to [Lan83,  Example 2.3. Let X be a projective cone over any curve C of genus ≥ 1. Since X is covered by rational curves passing through the vertex and the Albanese morphism contracts all the rational curves, we see that the Albanese morphism of X has to be a morphism from X to a point. On the other hand, let X ′ be the blow-up of X at the vertex, ν ∶ X ⇢ X ′ the natural birational map, p ∶ X ′ → C the natural P 1 fibration from X ′ to C and j ∶ C ↪ Jac(C) the embedding from C to its Jacobian. Then the Albanese map of X is j ○ p ○ ν, whereas the Albanese morphism (and also the Albanese map) of X ′ is j ○ p.
Remark 2.4. Example 2.3 is also an example of the fact that the Albanese variety via the Albanese map is a birational invariant, but the Albanese variety via the Albanese morphism is not. Still, by definition, for a normal projective variety X, there exists a surjective homomorphism α from Alb(X) to Alb(X) such that a X = α ○ a X .
For convenience, in characteristic 0 we say that the Albanese map of X is an algebraic fiber space if the Albanese morphism of any smooth model of X is an algebraic fiber space.
Definition 2.5. For an abelian variety A and a coherent sheaf F on A, we define V i (F), the i-th cohomology support locus, as
Theorem 2.6. [Hac04, Corollary 3.2 (1)] Let F be a GV-sheaf on an abelian variety A.
Theorem 2.7. [PS14, Variant 5.5] Let f ∶ X → A be a morphism from a normal complex projective variety to an abelian variety. If (X, ∆) is an lc pair and k > 0 is any integer such that
For a normal projective variety of dimension n, we denote by D(X) the derived category of O X modules, and denote by D qc (X) the full subcategory of D(X) consisting of bounded complexes with quasi-coherent cohomologies. We denote the dualizing complex of X by ω ⋅ X and define the dualizing functor
Let A be an abelian variety andÂ its dual abelian variety. Let p A ∶ A×Â → A and pÂ ∶ A×Â →Â be the natural projection morphisms and P the Poincaré line bundle on A ×Â. We define the Fourier-Mukai transform
For an abelian variety A of dimension g, R gŜ gives an equivalence in categories between unipotent vector bundles on A and the category of Artinian OÂ ,0 -modules of finite length onÂ (see [Muk81, Example 2.9] and [CH09, Section 1.2]).
Lemma 2.9. Suppose that char(k) = 0. Let (X, ∆) be a log canonical pair and f ∶ X → A an algebraic fiber space from X to an abelian variety A.
So by cohomology and base change we have that f * (O X (m(K X + ∆))) ≠ 0.
Next we prove that
By Theorem 2.7 we know that f * O X (m(K X + ∆)) is a GV sheaf, so by Theorem 2.6,
, which contradicts what we deduced in the last paragraph. Now we have that
) is a finite union of torsion translates of abelian subvarieties of Pic 0 (A). In particular,
for some torsion elements P ∈ Pic 0 (A). This implies that
2.2. F -singularities. We recall the definitions of some basic concepts of F -singularity. We refer to [ST11] , [PST14] , [HX15] and [DS15] for more details. Let k be of characteristic p > 0 and X a normal projective variety over k. Let (X, ∆) be a pair such that the index of
where e is a positive integer where e is a positive integer such that (p
For an integral subscheme Z ⊆ X with generic point η Z , we say that Z is an F -pure center of (X, ∆) if
• ∆ is effective at η Z , • (X, ∆) is F -pure at η Z , and
Lemma 2.10. Let (X, ∆) be a sharply F -pure pair such that the index of (K X + ∆) is not divisible by p. Let D be a divisor such that D does not contain any F -pure center of (X, ∆). Then there is a positive integer n such that (X, ∆ + 1 n D) is sharply F -pure.
Proof. We first construct a stratification for the F -pure centers of (X, ∆). Let W * i (X, ∆) be the union of ≤ i-dimensional F -pure centers of (X, ∆). Let
Finally let n ∶= max{n k i } and we are done. Let f ∶ X → Y be a morphism between normal projective varieties and M a line bundle on X. We define the subsheaf
where Φ ge is induced by φ ge using the projection formula and the commutativity of F and f . In the case Y = Spec k, f * (⋅) is the same as H 0 (⋅), and in this case we use
The following definition is analogous to that in [HP13, 4.1].
Definition 2.11. Let (X, ∆) be a pair and r > 0 an integer such that r(K X + ∆) is Cartier. The Frobenius stable Kodaira dimension of (X, ∆) is defined as
It is easy to see that κ S (K X + ∆) is independent of r.
2.3.
A canonical bundle formula in characteristic p. The following theorem is a slight modification of [Wan15b, Theorem 4.3], which is a canonical bundle formula for morphism from a threefold to a surface whose general fibers are P 1 . The same proof in [Wan15b] works.
Theorem 2.12. Let f ∶ X → Y be a proper surjective morphism, where X is a normal threefold and Y is a normal surface over an algebraically closed field k of characteristic p > 0. Assume that Q = ∑ i Q i is a divisor on Y such that f is smooth over (Y − Supp(Q)) with fibers isomorphic to P 1 . Let D be an effective Q-divisor on X, which satisfies the following conditions:
(
Then M is Q-linearly equivalent to an effective Q-divisor.
Results in characteristic p > 0
In this section we first prove the following result about the surjectivity of Albanese morphism in positive characteristic.
Proposition 3.1. Let (X, ∆) be a projective pair in characteristic p > 0. Assume that κ S (K X +∆) = 0 and the index of K X +∆ is not divisible by p. Then the Albanese morphism of X is surjective.
Proof. For convenience, in this proof we use a ∶ X → A to denote the Albanese morphism of X. κ S (K X + ∆) = 0 implies that there is a positive integer r such that r(K X + ∆) is integral and S 0 (X, ∆; O X (r(K X + ∆))) ≠ 0. We fix an e > 0 such that p e − 1 is divisible by the index of K X + ∆. Then for an m ≫ 0 there is an element of
we know that κ(K X + ∆) = 0, so that element can only be αf
are equalities, where Ω 0 = S 0 a * (σ(X, ∆+D)⊗O X (r(K X +∆))). We consider the following diagram
where the bottom two horizontal arrows are from [Pat13, Lemma 2.6]. After applying H 0 (A, ⋅) we get that the bottom row is an isomorphism as the stable image of these maps is exactly S 0 (X, ∆+D; O X (r(K X +∆))) = H 0 (X, O X (r(K X +∆))), which is proved above. Therefore the natural maps
Now by assumption there is a unique G ∈ r(K X + ∆) . We use the following notation
It is easy to see that r (p Next we claim that since κ(K X + ∆) = 0, there is a neighborhoold U of the origin ofÂ such that
Let g ∶= dim A. Suppose that this is not the case and let T ∈Â be a positive dimensional irreducible component of V 0 (O X (r(K X + ∆))) through the origin. Let ξ ∶ T g+1 →Â be the natural morphism. For dimensional reason, every fiber of ξ is of positive dimension. Moreover since 0 ∈ T , 0 is in the image of ξ. Consider for (P 1 , ..., P g+1 ) ∈ ξ −1 (O A ) the maps
However there exists an i such that
is an infinite set, and we also have (Pic 0 (X)) red = Pic 0 (A) =Â (see [Moc12, Proposition A.6]). In particular the map Pic 0 (A) → Pic 0 (X) is injective. So we get a contradiction, hence the claim holds.
Since 
However by the above argument the latter morphism is an isomorphism, and H 0 (A, Ω 0 ) ≠ 0. Therefore we know that lim Proposition 3.1 then implies that Theorem 3.2. Let (X, ∆) be a projective pair in characteristic p > 0. Assume that κ S (X + ∆) = 0, dim(Alb(X)) = dim X and the index of K X + ∆ is not divisible by p. Then X is birational to an ordinary abelian variety.
Proof. By Proposition 3.1, a X is surjective, hence generically finite. By [HPZ17, Proposition 1.4], a X is separable. So we have K X = a * X K Alb(X) + R, where R is an effective Q-divisor supported on the ramification locus of a X . This implies that 0 = κ S (K X + ∆) = κ(K X + ∆) ≥ κ(K X ) ≥ κ(K Alb(X) ) = 0 (note that we have proved κ(K X + ∆) = κ S (K X + ∆) = 0 in the proof of Proposition 3.1), which forces that κ(X) = 0, and by [HP15, Theorem 0.1 (2)] we are done.
The second main theorem in this section is a characteristic p analog of [Zha05, Corollary 2] in dimension 3. Before we present that we would like to point out that [Zha05, Corollary 2] does not hold without the assumption that (X, D) is lc. This is illustrated by the following Example 3.3. Let C be a smooth non-hyperelliptic curve of genus g ≥ 2. By [Har77, Chapter IV, Proposition 5.2], K C is very ample. Let C ↪ P r be the embedding induced by K C . Let S be the projective cone over C, ν ∶ S ′ → S the blow-up at the vertex of S, π ∶ S ′ → C the induced morphism and E the exceptional divisor of ν. We then have that E 2 = − deg K C = 2 − 2g, and we can write
for some λ. By adjunction formula we see that
If we denote a fiber of π by f , then
where the third equality is implied by the fact that
In the above calculation we actually get that ν * O S (K S ) = O S ′ , Hence K S ∼ lin 0. In particular −K S is nef and κ(S) = 0. On the other hand, by the construction of S we know that its Albanese map is not surjective. When g = 2, (S ′ , 2E) provides a counter-example to Theorem A and B without the log canonical assumption. We also note that by the argument in Example 2.3, the Albanese morphism of S is the morphism from S to a point. In particular it is an algebraic fiber space, hence surjective.
We now show the second main theorem. For convenience we give the following definition.
Definition 3.4. For a Q-Cartier divisor D on a projective variety X, we define the basepoint-free index of D to be the smallest number m > 0 such that mD is base point free and denote it as i bpf (D).
Theorem 3.5. Let X be a normal projective threefold over an algebraically closed field k of characteristic p > 0, and (X, ∆) a pair such that the coefficients of the components of ∆ are ≤ 1 and −(K X + ∆) is semiample. Suppose that (1) p > max{ 2 δ , i bpf (−(K X + ∆))}, where δ is the minimal non-zero coefficient of ∆.
(2) There is a fiber X 0 of the Albanese morphism a X of X such that X 0 is normal and
Lemma 3.6. Let X be a normal projective surface. Suppose that X has at most log canonical singularities and κ(X) = 0. Then the Albanese map (hence the Albanese morphism) of X is surjective.
Proof. Let µ ∶ X ′ → X be a minimal resolution of singularities for X, then we have κ(X ′ ) ≤ κ(X). If κ(X ′ ) = 0 then this is straight forward by the Enriques-Kodaira classification. If κ(X ′ ) = −∞ then there is a birational morphism g ∶ X ′ → X ′′ where X ′′ is a ruled surface over a curve C with a P 1 fibration π ∶ X ′′ → C. We can write
where a i , b j > 0 and E i and F j are exceptional curves on X ′ for µ and g respectively. By assumption we have
for any sufficiently divisible m. Since X ′′ is a ruled surface, there must be an i such that g * E i dominates the base curve C. Since X is log canonical, by [Kol13, 3 .30] the genus of E i , hence that of C, is at most 1. In particular C is surjective onto its Jacobian. So according to the structure of a X ′′ ∶ X ′′ → Alb(X ′′ ) explained in Example 2.3 we are done.
Proof of Theorem 3.5. Let X a X → Z = a X (X) ⊆ Alb(X) be the Albanese morphism of X. We denote the Stein factorization of a X by
We can assume that Y is normal. As is shown in Lemma 4.4 below, it suffices to show that the Albanese morphism of Y is surjective. We consider the following cases according to the dimension of Y (or equivalently, that of Z). 
there is a positive integer n such that (X 0 , ∆ X 0 + 1 n D X 0 ) is sharply F -pure for any divisor
In particular the pair
is sharply F -pure for any D 
is sharply F -pure. Since X 0 is normal it is S 2 , G 1 and regular in codimension 1. Moreover we have
Theorem 3.10] we have that
Since Z generates Alb(X), Y and Z have to be elliptic curves and we are done.
Case 3. If dim Y = 2, we denote a general fiber of p by F . By assumption F is a smooth curve. We observe that κ(Y ) ≥ 0, otherwise Y , hence Z, is covered by rational curves and this would be a contradiction to the construction that Z ⊆ Alb(X). We consider the following subcases.
In this case we can choose the prime divisor
′ is birationally ruled. This is a contradiction to the fact that Y has a finite map q ∶ Y → Z ⊆ Alb(X) onto its image. Therefore Y has canonical singularities and by Lemma 3.6 we are done. 
Results in characteristic 0
In this section we work in characteristic 0.
Definition 4.1. Let (X, ∆) be a pair and a ∶ X ⇢ Y a rational map from X to another variety Y . We say that the non-lc locus of (X, ∆) dominates a(X) if there is a divisor E of discrepancy < −1 that dominates a(X).
Theorem 4.2. Let (X, ∆) a pair such that κ(K X +∆) = 0. Suppose that the Albanese map a X ∶ X ⇢ Alb(X) (the Albanese morphism a X ∶ X → Alb(X)) of X is not an algebraic fiber space. Then the non-lc locus of (X, ∆) dominates a X (X) (a X (X)).
Lemma 4.3. Let f ∶ X → Z be a morphism of varieties. Let E be a divisor over X and g ∶ Z ′ → Z a birational morphism. Then E dominates Z if and only if E dominates Z ′ .
Proof. Obvious.
Proof of Theorem 4.2. We first deal with the case of the Albanese map. The proof for the Albanese moprhism is almost the same and will be explained at the end of the proof. Let µ ∶ Y → X be a log resolution of (X, ∆). We can write
where∆ is the strict transform of ∆, and E + and E − are effective exceptional divisors of µ with no common components. Denote D ∶=∆ + E − and for convenience we denote the Albanese morphism of Y by a as well. We have κ(
be the Stein factorization of a Y .
Lemma 4.4. If the Albanese morphism of Z is an algebraic fiber space, then so is that of Y .
Proof. After possibly passing to a smooth model of Z we can assume that the Albanese map of Z is a morphism. By universality, h factors through the Albanese morphism a Z of Z, and a Z ○ g factors through a Y . So we have the following diagram:
By construction we have that
Since g is surjective, we see that s ○ t = id a Z (Z) and t ○ s = id a Y (Y ) . Since a Z (Z) and a Y (Y ) generate Alb(Z) and Alb(Y ) respectively we know that s and t are isomorphisms. Moreover since g and a Z are both algebraic fiber spaces we are done. 
By construction, V is smooth, of general type and of maximal Albanese dimension. We define D ♯ via the following equality:
where D ♯ and E are effective and have no common components. Then D ♯ has snc support as well. Since p is anétale cover and r ○ ρ is a birational morphism, by [Nak04, Lemma II.3.11] we have 0 
and κ(V ) ≥ 0 as V is of general type.
On the other hand, we have
So by Lemma 2.9, κ((
We also have κ(
Again by (4.2), we obtain κ(V ) = 0. But V is of general type by construction, so V , hence W , has to be a point. Now we consider the composition of maps
Since q and h are finite and h(Z) generates Alb(Y ), the composite h ○ q has to be an isogeny, hence Z is birational to an abelian variety. Finally by Lemma 4.4 we are done.
For the case of the Albanese moprhism, we just do the Stein factorization as in (4.1) for a X without taking the resolution, and the rest of the proof is the same. Now we are going to prove Theorem A (a) and (b). We first show that the condition on the log plurigenera implies that the Albanese map and the Albanese morphism are surjective.
Proposition 4.5. Let (X, ∆) be a projective pair. If one of the following conditions holds:
then both the Albanese map a X ∶ X ⇢ Alb(X) and the Albanese morphism a X ∶ X ⇢ Alb(X) of X are surjective.
Proof. We first reduce Proposition 4.5 to the case of the Albanese map. Assume that Proposition 4.5 holds for Albanese maps. We take a log resolution for (X, ∆) and denote it by µ ∶ X ′ → X. Then a X ′ = a X ′ is a morphism from X ′ to Alb(X). We can write
where E and F are effective exceptional Q-divisors on X ′ which have no common component. Clearly, for every m ≥ 1, (X ′ , µ
) has the same type of singularity as (S, ∆), and
So if a X ′ , hence a X , is surjective, then by Remark 2.4, a X = α ○ a X is surjective. Next, we prove part (i). By selecting a proper birational model for (X, ∆), we can assume that (X, ∆) is log smooth, and in particular the Albanese map of X is a morphism. We first show that O X is an isolated point of 
) contains a subgroup S of positive dimension, and therefore for each P ∈ S the image of
is non-zero. Since a given divisor in 2m(K X + ∆) has only finitely may irreducible components, it follows that as y varies over the positive dimesional torus S, the image of (4.3) must vary as well. Therefore h 0 (X, O X (2m(K X + ∆))) > 1, a contradiction. By Theorem 2.7, a X, * O X (m(K X + ∆)) is a GV-sheaf. For convenience, for the rest of the proof we denote A ∶= Alb(X), g ∶= dim A, and denote a X, * O X (m(K X + ∆)) by F. O X being an isolated point of V 0 (O X (m(K X + ∆))) implies that there is a summand of R 0Ŝ (F) supported only at the origin0 ofÂ. We have that
where the first equality is by [Hac04, Theorem 
there is a summand of F ∨ which is a unipotent vector bundle. Therefore by the definition of F, a X is surjective. Now we prove part (ii). By part (i) (or by Theorem 4.2), we can assume that κ(K X +∆) > 0. We construct a commutative diagram following [CH02, Theorem 1]. Let f ∶ X → V be a birational model of the Iitaka fibration for K X + ∆. As explained in the last paragraph, we can assume that (X, ∆) is log smooth. Since X is smooth now, the Albanese map of X is a morphism which we denote by a X ∶ X → Alb(X). We construct the following diagram:
Here S and p are defined in the following way. Denote the general fiber of f by X f . We then have that (X f , ∆ X f ) is lc (for a proof see [Wan17, Lemma 2.7] where klt case is shown, and lc case is the same). So by Theorem 4.2, the Albanese morphism of X f is an algebraic fiber space. In particular, a X (X f ) is some translation of an abelian subvariety of Alb(X), which we denote by K. Then we define S ∶= Alb(X) K and define p to be the quotient morphism. Now we have a rational map from V to S, and we can arrange the birational model of the Iitaka fibration of X so that we actually have a morphism from V to S. Define Z ∶= a X (X), W ∶= p(a X (X)), i and j the natural inclusions. Again, we can arrange f birationally such that X and V admit morphisms to Z and W respectively.
For the rest of the proof we assume that m = 2. The proof proceeds analogously for any m ≥ 2.
We fix a positive integer m 1 such that dim( m 1 (K X + ∆) ) > 0. Replacing X by an appropriate birational model, we may assume that the linear system m 1 (K X + ∆) has base locus of pure codimension 1. For general member B 1 ∈ m 1 (K X + ∆) we write
where D 1 denotes the free part and ∑ r i=1 a i E i denotes the base divisor. Recall that the Iitaka fibration of X with respect to K X + ∆ is constructed as the morphism induced by the base-point-free part M of m(K X + ∆) for some m. In particular, there is an integer m 2 > 0 and an ample divisor A on W such that m 2 (K X + ∆) − g * A is not empty. We fix such an m 2 and choose a B 2 ∈ m 2 (K X + ∆) − g * A . We can similarly write The worst case now is that P is a common component of {E i }, {F j } and ∆. Then its multiplicity is
which is easily seen as strictly less that 2a i m 1 + 1 for k ≫ 0. So (4.4) holds, hence
We have that
By constuction it is easy to see that for k ≫ 0, (X, { B km 1 +m 2 +∆}) is klt. So L is numerically equivalent to the sum of the pull back of a nef and big Q-divisor on X and a klt Q-divisor on W .
Therefore we have that 2(K X + ∆) = K X + L + ⌊ 
for all P ∈ Pic 0 (S). We also have that g * O X (K X + L) is a torsion free coherent sheaf on X. So by [CH02, Proposition 1.2.1], g * O X (K X + L) is supported on an abelian subvariety S ′ of S. Since g * O X (K X + L) is a torsion free and the image of X generates S, we see that S ′ = S. Hence a X is surjective.
Theorem 4.6. Let (X, ∆) be a projective pair. Assume one of the following conditions holds:
(1) (X, ∆) is lc, h 0 (X, O X (m(K X + ∆))) = h 0 (X, O X (2m(K X + ∆))) = 1 for some integer m ≥ 1.
(2) (X, ∆) is klt, h 0 (X, O X (m(K X + ∆))) = 1 for some integer m ≥ 2.
Moreover, assume that either dim(X) = dim(Alb(X)) or dim(X) = dim(Alb(X)), then X is birational to an abelian variety.
Proof of Theorem 4.6. We only show the case of dim(X) = dim(Alb(X)), and the proof for the Albanese morphism is the same. After possibly taking a log resolution for (X, ∆) we can assume that (X, ∆) is log smooth. In particular, q(X) = dim(X). By Proposition 4.5, a X is surjective. This combining with the condition dim(Alb(X)) = dim(X) implies that a X is generically finite onto Alb(X).
Next by [CH01, Lemma 3.1] (by letting Y = A = C = Alb(X) there) we get that 1 = P m ′ (Alb(X)) ≤ P m ′ (X) ≤ h 0 (X, O X (m ′ (K X + ∆))) = 1.
Here m ′ = 2m in (1) and m ′ = m in (2). This forces that P m ′ (X) = 1, so by [CH02, Corollary 2] we are done.
